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Objective

This chapter list equations for normal stress including Hooke’s
Law and thermal expansion. You will have the equations as well as
examples for you to practice.
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Tensile and Compressive stress and Strain’

Typical Stress-~Strain Relationship'for Engineering Materials

Typical Stress / Strain Relationship
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Rearranging and combining:

Poisson's ratio, n is ratio of lateral to axial straim, OI

U
u=—%r and is typically in the range
- of 0.3-0.35 for most engineering
materials

Allowable stress = max design stress

oy ._2¥ g.F. = safety factor

(5) %" GF.  S.F
O,= 60, Cag = a1lowable fatigue stress
minimum material fatigue stress

It

Tyt
s.F. = 1.67 to 3.0 is typical.

Problem
Find tensile and/or compressive SLIESS in AB and BC.
Aab - 1-0 |n2 Area s« llnz
y Area .= 0.75 in°

5

3

W =10,000 lbs

Bpply method of joints (statics) at B
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Ap.=0.75in2

BC
X

EES e

W = 10,000 Ibs

LFy = 0 AB sin 8 ~ 10,000 =0

BB <= 10,000
RB = 16,667 pounds
LFx = 0 AB cos @ - BC =0
16,667 (2)= BC
BC = 13,334 pounds
F _ 16,687

From {(2) o,- < =5 — = 16,667 psi tensile

g = .I: = ~2'2—3—'-3-3—4—:1'7, 778 psi compression

B A 0.75

Ihermal Growth / Stress

Dimensions of an object change with temperature in
proportion to the coriginal length and the temperature change.

= = coefficient of thermal expansicn

AL
LO(AT)
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Thermal "strain" is ratio of the
original length. :

A

Thermsl L

[

e = AT

Thermal "stress" is therefore:

Orho:nnf E €fhlrul

(6) O.=E=AT

-

change in length to the




Obijective

This chapter lists equations for shearing stresses and bending
stresses including transverse shear, torsional shear and torsional
energy, simple moment-shear diagrams, and bending stress.




Note: stress is induced only if free thermal expansion is
«prevented.

Shear Deformation = h

Unit Shear Deformation = % =y

{7) T=GY similar to o = E €

shear stress

shear strain

Modulus of rigidity or shear
modulus

T
Y
G

[}

(8) 6= = _ n = Poisscon's Ratio
(1w if p= 0.3

G=—2- -0.385E 2
2.6
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U3
M
W)

ar stress due tor Torsion

(9) T = torque {(in #)
1=5§ r = radius {in)
J = polar moment of inertia
elastic torsion formula
(3.5) 1= %f) D = diameter (in)
L = length (in)
G = shear modulus
8 = angle of twist (radians)
(10) 8= =2 o Radians = 360e
1 Radian = 57 .3
X
J = for a solid round bar
32
4
ar J = =T

D

problem: Composite shaft is made of solid steel rod on which 1is
shrunk an aluminum tube. If shaft is 5' long and carries
a torgue of 15,000 in-#%, determine:
a) total angle of twist of the shaft
b) max shearing stress in the steel and aluminum.
Dia of steel rod is 1.5 in
Outside dia of aluminum tube is 2.25 in
G arim = 12 X 106 , Gam = 3.9 X 10°
4
J = RD - —'}E_ 1 S P - . .4
s 32 32(. } 0.497 in
- Eopt- n
T, = 5,@0 - DY = (@2 - 45y = 2020
* 8 angle of twist is same for steel and aluminum while
total torque is sum of T, and T,
From (10} 8,= i 8. = i
* JIGJ * J.‘GS
' 8JG 8J G
P=p +T, = —22s —5
. L L

MECHANICS of MATERIALS 8




TL 15,000(5')(12)

e 0 —————— = [ ——

J,G, 9,6, (2'.02) (3.5x10% + (0.49772_((1?.“0‘)

g = 0.07 radians .

From (9.5) - r,p, _ 86,0, 0.07 (3.5x10%) (2.25)
) < 20, 2L 2(60)

t.=4,590psi

D v 2(60)

BG & i
86,0, 0.07(12x10% (1.5} _;p, s00psi

Problem

A solid 1.5" dia shaft is made of a ductile material with an
elastic shear max stress of 12,000 psi. 1f shaft 1s rotating
at 500 rpm, what is the maximum horsepower the shaft can
transmit if failure 1s based on. sipitiation of inelastic
pbehavior? Use a factor of safety of 1.5.

p= 2 from (9) J=—Er‘ solid shaft

o (12,0000 (m/2) (1.5/2)°
' {(1.5/2)

r=7948 in-#

Allowable torque is

p o T 7248 5298 in-#
«~ F.5. 1.5
Power = torgque X angular velocity
Power = 5298 in-# x 500 rev/min x 2I rad/rev.
Power = 1.664 x 107 in-#/min
1 HP = 33,000 ft $/min = 12 (33,000) in-#/min

T i limi
Max HP = 1.664x10" in #/n'un
N (12)(33,000) in-#/ min /HP

MECHANICS of MATERIALS 9




Shear and Moment Diagrans

- :.»e

e

Shear and moment diagrams are graphical representations of the
magnitude and sense of shear and moment existing at every point

along the length of a beam.

Load

Casel

Case i

'EEEEERR

Moment .
) Positive
Slope
Notes: 1 Max moment is

2.. Max moment is
diagram.

- Moment

Case II Moment =

© MECHANICS of MATERIALS

Negativé
Slope

located at point of zero shear
equal to area under the shear

R, (L/2)
1/2 R, (L/2)
10




| ' Max Moment
Moment '/—
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In the shear and moment diagram CASE III fne beam is made of yellow
pine with an allowable stress of 1000 psi. Pi, P2 and P, are 2000%,

4000%, and 5500' and respectively. The uniform load is 100'/ft.
rind: height of the beam if the width is 12". . ‘

P, P, P,

EEEXEEEIEEEEE.

RlT S .

Sm = 0 P,(4) + B,(8) « Py(11) +NL(7] ~Ry(14) =0
-2000 +4000 +1 5500 + 100 (14) -7878 =R,

R = 5020

rrom Case III shear diagram (area = moment)

5020
4620

2220
e —

(4) (4620) + 1/2 (4) (400) + (4) (2220) + 1/2 (4) (400)
28,960 ft - = 347,520 in-#

22
o

28,960(12)

M
z:._.:'_,_.___—.-—-————"
g

1000

MECHANICS of MATERIALS 12




e I .
AT z=347in®
[=3 .

3
I:Eh_ C:ﬁ
1 z 3
,. bh%2 _ pn’
“12(n) 5
hl_ﬁ_z_ﬂﬂ_l']ls
b 12

hA=13.17in or =14"

when h = 14"

. mc _ 28,960(12) (7) _ .
SR rvan

added s.p,=J2tiow 1000 4 43
Cact 886

Shear Stress in a Beam
'/ A' / Zero shear stress
-— stress at

; q y ¥ / neutral axis
‘ A A
lt—b—
Snear stress at any point g may be determined by:
(14) = VAY Vv = shear load (shear diagram)
- Ik A'= Area ocutside of point of interest
g=Aly or the y = distance from neutral axis to

centroid of "statical moment” Al

6 = width of section thru g
1 moment of interia of entire cross section

(15) T == for rectangle beams

for round beans

MECHANICS of MATERIALS 13




a4 - for hollow cylinder

-

ax TAY- ~approximate for I beam
" Aw = web area

Find max shear stress

. W = 100 #/1ft
_ Wood beam |
IR NN RIER &
A 8”
- 16‘ o Rz
R -
Emg, = 0=100(16) (8) -Rz(lé) =0
ZFy = 0 WL - R, - R, =0
100 (16) - R, — 800 =0
R, = 800
+800 - :
) ' | ’
Shear
' ~——O
-800

From (15) T..ﬁ%, for rectangle

_ _3(800)

mx —-—-—-——-2 Gl =25 psi

MECHANICS of MATERIALS 14




o,

The equilibrium equation for horizontal forces for ABCD is then

b dx _},f Mv[dA _f (M+¢er)v dA ©
=L ["aMvdd v (®
or T"?LE{T‘EL”‘M a4

In the last form of Eq. (24), shear V has been substituted for dM/dx. In Eq.
(24), v dA4 represents the moment of the area of the element about the neutral
axis. This is integrated over the entire surface from v,, the location where
the shearing stress 7 is desired, to the outer edge. This integral can also be
written 94,, where A, is the shaded area of view A-A, and ¥ 1s the distance
from its center of gravity to the neutral axis. Equation (24) can then be written

Vo
T == — 25
75 A (25)

As we proved in the preceding section, the shearing stress on the vertical
end surfaces at distance v, from the neutral axis is also equal to the horizontal
shear stress 7 as determined by Eq. (24) or (29).

For composite cross sections it is convenient to divide area A, into
several parts, find 54, for each of them, and then add together for the final
result. For such beams, Eq. (25) is written

V « -
T .= 1—b E 'UA, (26)

The total shear force on the cross section is represented by V. The dis-
tance from the neutral axis to the point where the shearing stress is desired
is given by v,.

Example 12. Find the transverse shear in the material 3 in. from the top surface
for the beam of Fig, 1-21(a).

Solution. As is shown in Example 3, the center of gravity of the cross section in
Fig. 1-21(b) is found to be 2in, up from the bottom. As shown in Example §, the
moment of inertia about the horizontal axis through the center of gravity is found
to be 33.33 in.¢

Referring to Fig. 1-21(c), it is seen for location 3 in. from the top that 4 = 2.5 in.
and 4, = 3 in.2, Substitution in Eq. (25) gives

10,000 B .
T = m X 25 x3= 2,250]38!

It is of course immaterial whether A, is taken above or below the location at
which the stress is desired. Equation (26) gives

10,000 B .
T3 (5 X4 405 x 3) = 2,250 psi

15




B

’ " (6)
L
A, =3in?
7w |
q" t é Ay, =3 it
V=25 N A % _ _
b iyl ¥ oo g V=S
P = "
a2 =13 f/y 3"

- N _ir

,4;=4m.2 .2 L’! 2 %

{c/

FIGURE 1-21 Examples 3, 6, and 12,

Example 124. Find the transverse shear stress in the material 75 mm from the
top surface for the beam of Fig. 1-21(a); but use the dimension given for Example
3A. The force at the end of the beam-is 45,000 N.

Solution. A large-size sketch should be made and dimensioned for the cross
section in mm. As found in previous examples, y = 50 mm and [ = 13,021,000
mm*. When the area above 75 mm is considered: '

7 = 62.5 mm, A, = 1,875 mm?
_ _V_ﬁ _ 45,000
~ b7 T 13,021,000 x 25

When the areas below 75 mm are considered: _
Let the vertical stem extend to the bottom, 5 = 12.5 mm and A, = 1,875 mm?2.
For the remainder of the flange, 4 = 37.5 mm and A, = 2,500 mm?.

45,000 _

= 16.2 MPa

By Eq. (25): 7 Aq x 62.5 % 1,875 = 162 MPa

By Eq. (26): 1

When Eq. (24) is applied to rectangular cross section, dd = b dv and
¢, = hj2. After making these substitutions and integrating, the following

I‘ h 2 3" 41}1) 7
T = __(__—vl)—-____( - -3 (2 )




BEAM DEFLECTIONS

B~ . . -

Beam deflections may be determined by several different methods

including:
1. double integration method
2. moment area method
3. strain energy method
4. look it up in a table method
5. superposition

The double integration method relates deflection and slope to the
beam radius of currature. IFf

y = deflection

X
2
= 5—%’ = E—Mr (moment)
X
ol v
C oyt ,d_-: = E} (shear)
X

Then the deflection at any point is:
1

Y=E”fm (x)dx] |

M (x) is the moment function.
Beam deflections may also be found from tables of beam fogkulas
located in most engineering handbooks. The method of superposition
may be used to evaluate complex load cases by combining two or more
simpler formulas. The deflections at a point due to the individual
loads may be added to find the total deflection.

Some typical deflections are;:

1. Simple Supports with center load

MECHANICS of MATERIALS 17




« EFrom (13)

5= ZAy _ 60(.5) +24(4)

LA 84
5‘7=l.5”
From (12)
3 3

I=2I"‘2Ad2 I=£§-_:ﬂ§l_:72"

Tt e Y 12 e

- .y _ . bh? _s0(L¢ _ .
IT 2871!1 I"_H——ﬁ———l—z——--Sln‘
From (11)

Ad, = (24) (4-1.5)2=150

Tensile (steel) (strongest)*
Ad, = (60) (1.5-5)%=60

McN
g = =
T I
=%’ from tables or shear and moment
5000 ' .5 0 . :
o,= (12) (1.5) (20) diagram ft #
287 .
' 00 0
v 2 2(1 )
Op = 6260 psi
Compression (wood) (weakest) *~* Safety Factor of wood
cc:_}E - . S.F. = design allowable stress
I ) actual stress
. 5000(12)(7-1.5 .
g = (12)( ) S.F.=M=1.3m1n.'
< 287 ) 1150 .
G_.=1150 psi
* 7 _ Wc::xonqut
stro.nga:g
cantrald
* % . Mcnaku:
weakest
cagtrodd
18
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Objective

This chapter gives an example of stress calculation for composite
materials. Please also read the review book and you will be able to

solve this type of problem.

19




Bending =

_ o '
(11) a=fg=§; M = moment in-#
vy = distance from neutral axis (in)
¢ = max distance from neutral axis. (in)
I = moment of inertia (in* }
(plane perpendicular to moment)
M M
0= ——— = —
I/c z
Z=I/c= section modulus
bh* .
Is= for rectangle cross-section
(12) I =I_,+Ad? Parallel Axis Theorem

Used to find moment of inertia of a composite figure about
its own centroidal axis.

I = moment of inertia about neutral axis for each
i figure within the composite figure.
A = Area of each figure (in‘ )
- d = distance between composite figure centr01dal axis
and each figures neutral axis. {(in)

In pure bending, load is distributed across beam as shown

MECHANICS of MATERIALS - 20




i

7erc bending stress OCCUIS at the neutral axis. Max imum
bending stress occurs at the fiber furthest from N.A. For a
beam with a symmetrical Cross section, the N.A. occurs at the

line of symmetry.

For an unsymmetrical cross section, locate the composite
neutral axis by breaking the section down into elements and

solving for v.

LAy - Ay, vA vy, TAY,
EA : A1+A2+A3 )

(13} | ¥=

Problem:

Wood beam 4" wide by 6" deep is re-inforced on the tension side by
a steel plate 1" thick by 3" wide securely bolted. Beam is simply
supported and has a clear span of 10'. It carries a concentrated
load of 2000# at the center.

a) calculate tensile and compressive stresses in the outer
most fibers of the composite beam.

b) If the allowable design stress is 1500 psi, what is the
minimum safety factor in the wood bean.

Ew = 1.5 x 106 psi E, = 30 x 10 psi
4;7 '
—————»
‘ . E, 30 '
N=—t=2 =20 : _
_ g, 1.5
” ' w—
\W 6 : = 20000 Ibs
weakest _ ’ ’
1 !

Wood

» 3”

Steel

ke

21
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LF, =0
P(S) - R(10) = 0 . Rll‘;;;z“ ;) ;0'0 .
+ - =
P(5) = R (10 1
®) A10) R, = 1000#

R, = 1000# M

EMR, ?. 0

Transform beam so that both are wood by using N above
{(ration of modulus of elasticity)

4”
A. A, = (6) (4) = 24 in
A2 A, = (1) (60) = 60 in,
A, = 84 in, = L A

3(N) = 607

MECHANICS of MATERIALS 22




Obijective -

This chapter gives a very good example of buckling of columns.
By following the analysis of the flow chart, you will be able to
solve most of the problems.

23
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You are a member of a team that is designing a com-
mercial compactor to reduce the volume of card-
board and paper waste so it can be transported easily
to a processing plant. Figure 6-1 is a sketch of the
compaction ram that is driven by a hydraulic cylin-
der under several thousand pounds of force. The
connecting rod between the hydraulic cylinder and

You Are the Designer

4

the ram must be designed as a column because it is a
relatively long, slender compression member. What
shape should the cross section of the connecting rod
be? From what material should it be made? How is it
to be connected to the ram and to the hydraulic cyl-
inder? What are the final dimensions of the rod to be?
You, the designer, must specify all of these factors.

s

Hydraulic -
cylinder Connecting red Z=
f _ — TRy i f/ é
{ = T =
Piston rod : ) (=] Y
Mazterial to
be compacted
Figure 6-~1 Waste Paper Compactor

61 OB]ECTIVES OF THIS CHAPTER

A column is a structural member that carries an axial compressive load and that
tends to fail by elastic instability, or buckling, rather than by crushing the mate-
rial. Elastic instability is the condition of failure in which the shape of the column
is insufficiently rigid to hold it straight under load. At the point of buckling, a
radical defiection of the axis of the column occurs suddenly. Then, if the load is
not reduced, the column will collapse. Obviously this kind of catastrophic failure
must be avoided in structures and machine elements.

Columns are relatively long and slender. If a compression member is so short
that it does not tend to buckle, failure analysis must use the methods presented in
Chapter 5. This chapter presents several methods of analyzing and designing
columns to ensure safety under a variety of loading conditions.

Specific Objectives
After completing this chapter, you will be able to:

1. Recognize that relatively long, slender compression members must be ana-
lyzed as columns to prevent buckiing.

24




178  COLUMNS

P P _ P
l I & l
N A
B . n N
d ™ Shape of " _
buckled ;
\ column v /

l—— 3

Y

(|
-

Theoretical Pinned-pinned Fixed“-ﬁxed Fixed-free
values K=10 K=05 K=20
Practical K=10 K =065 K=2.10
values
(@) (& ()

Figure 6--3 Values of K for Effective Length, L. = KL, for Different

Cannections

A fixed end is one that is held against rotation at the support. An example isa
cylindrical column inserted into 2 tight-fitting sleeve that itself is rigidly sup-
ported. The sleeve prohibits any tendency for the fixed end of the column to
rotate. A column end securely welded to a rigid base plate is also a good approxi-

mation of a fixed-end column.

The free end can be visualized by the example of 2 flagpole. The top end of 2

Fixed-pinned
K=07

K=03

@

End

flagpole is unrestrained and unguided, the worst case for column loading.

The manner of support of both ends of the column affects the effective length

of the column, defined as

L, =KL

where L is the actual length of the column between supports and K is a constant

dependent on the end fixity, as illustrated in Figure 6~3.

The first values given for X are theoretical values based on t
deflected column. The second values take into account the expecte
colume ends in real; practical structures. It is particularly difficult to achieve a
true fixed-ended column because of the lack of complete rigidity of the support or -

(6-2)

he shape of the
d fixity of the

the means of attachment. Therefore, the higher value of X is recommended.

25
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Given:
column

length and
end fixity

Compute:
effective
length. KL

Given:

shape and
dimensions

cross section

Compute:
radius of
gyration, 7

i

Compute:

slendemess

ratio, —=—
-

min

Compute:

C. =[n’E i
5y -

YES

Column is
long-use
Euler
formula

I
" w'EA
Prr = (Kur)z
{

NO

Column is
short—

use Johason
formuia

5y (KLIrY?

P.,=As |1—
i [ 4u*E

i

|

Compute:
allowable
load:

Py= PN

Figure 6-4 Analysis of a Straight, Centrally Loaded Column

26
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CQ Umns B

Jolumns typically fail by buckling after reaching a state of .
slastic instability under critical load for:

F

For a long column with
pinned ends (free to
L flex)

x = radius of gyration

I
k= o
a

. fsrs(knﬁsA
T Tz L2

(16}

cr

Euler load is theoretial maximum load that an initially
straight column can support without buckling.

Column stress is:

(17)
5 o Fer. TE
o A LZ
K
é = slenderness ratio

Assumes the column is long so that the Euler stress 1is
reached before the yield stress is reached.

L 3o . are stocky "columns” and have little chance
K of buckling :

Lap-120 are in the inelastic range and the Euler
k equations should not be used

%120—200 Fuler equations range

MECHANICS of MATERIALS 27




L . N
;>200 are too thin to be considered a load carrying
a column :

For cases wnere both ends are not pinned, the critical load
- may be expressed as '

miEl Cps C s
(18) F =2 : where n = end condition coefficient
: L

End condition n

pinned-pinned 1.0
fixed-free 0.25
fixed-fixed 4.0
fixed-pinned 2.0

since the above Euler equations assume Hooke's Law applies -
short columns may yield before F. is reached.

In general r, :Z¥ is acceptable

or

sy = yield strength in compression.

For intermediate and short columns eccentricities are an
important factor so use "cecant formula".

(19) G.= el - —_—

ec . gsccentricity ratio

~
~

(use 0.25 {f not known)

MECHANICS of MATERIALS 3




e

L]

e = eccentricity
L c = distanc from neutral
axis to ouktermost
fiber

S - type 7 x 20 A 36 steel I-beam 10 ft long is used as a column.
What 1s working stress for a safety factor of 37

E = 30 x 10°¢ Sy = yield strength = 36,000 psi
A = 5.88 in? I = 3.17 in'
K = 0.734 in

Note: I and K are the smallest I-beam values.

m?E _ o (30x10°%)
L)z 10(12)
K 0.734 _
Since 11,078 is less than Sy (36,000 psi) the Euler formula
is valid. Since :

From {(17) o, = ( =11,078ps<

F
g = "sﬂ- also | 11,078 « 36,000
e A 2 2

The stress is acceptable tc prevent buckling.

L_19Q22) _,43 "Euler range"
K 0.734
O, 11,078 ,
allowabls T = 3 =3,6%2 ps_]_
working stress
MECHANICS of MATERIALS 29
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A structural steel strut with rounded ends (pinned-pinned)} has
the cross-section shown, and is 10" long. At whgt compresgive
axial load will the strut fail? E = 30 x 10° psi

Y.

fe— 1.20” : -

T
0.25”
X““wupm"mﬁmum«m"mi ............................... BN ¢

_ First: find slenderness ratio to see if Euler formula is
applicable. ‘

3 3
poobh?_1.200.25)7 o100 g

* 12 12

3 3
;. bn 0.25(1.2)% o 5o ;00

S 12

I .
k= l—"= :00158 . 4721in
\ 2 1.2(0.25)

Use smallest I, or I,

.£:=~—£9——=138 (within Euler range)
k¥ 0.0721
From (17}
2

o= wE | m(30x1F) 1o cy3psi
(L/k)? (138)° :
Fcr

o =

cr A

F_=0_A=15543(1.2) (0.25) =46611b

VATALIANICS AfMATERIALS 30
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Obj eétive

This chapter gives an example of stress calculation for pressure
vessels by using the concept of Mohr’s circle in 3-dimension.

31



EXAMPLE 13.1

A thin-walled cyvlinder with closed ends for which r; =0.50 m and r, =052 m is sub-
jected to internal pressure p; = 2 MPa. Determine {a) the absolute maximum shearing
stress on the inner surface of the cylinder, (b) the absolute maximum shearing stress on
the outer surface of the cylinder, and (c) the normal and shearing stresses in the wall of
the cvlinder on a plane inclined to the longitudinal axis of the cylinder through a 30°
angle.

SOLUTION
{a) Consider a three-dimensional stress element on the inner surface of the cylinder such
that two of its planes are parallel to the ;ylinder longitudinal axis and two perpendicular
to this axis. The two planes parallel to the longitudinal axis are subjected to the circum-
ferential stress o, given by Eq. 13.1. Thus
p,ri 2x050
g, =+ ="———=350 MP
: 002 . :
This stress is tensile and, as mentioned earlier, it is 2 principal stress. The two planes
perpendicular to the longitudinal axis of the cylinder are subjected to the longitudinal
stress o, given by Eq. 13.2. Therefore,

This stress is also a tensile principal stress. The third set of two parallel planes, one of
which is the inner cylindrical surface, is subjected to a radial stress which is equal in
magnitude to the applied pressure p, = 2 M Pa. This last stress is obviously a compressive
principal stress. Thus the stress element on the inner surface of the cylinder is subjected to
the following three principal stresses. which are consistent with the condition that alge-
braically, g, 2 7; =2 73!

g, =0, =50 MPa

o, =0, =25MPa

-

¢, =0, =—2MPa

Therefore. the absolute maximum shearing stress is given by Eq. 2.16. Thus

6, —ay 0+2
T2

i.]:m;m[ -

=26 MPa

This stress acts on a plane that bisects the 90° angle between o, and g5,

(b) Consider a three-dimensional stress clement on the outer surface of the cylinder whose
planes are defined in the same manner as those in part (a). The circumferential and
longitudinal stresses are identical to those found in part (a). However. the radial stress on
the last set. of two parallel planes. one of which is the outer cylindrical surface, 15 zero,
since it is a free surface. Thus the three principal stresses on the outer surface of the

(8]

cylinder are

.ac.13.2 Thin-Walied Pressure Vessels

32



o, =0,=50 MPa -
o, =0, =25 MPa

gy =0, =0
Hence the absolute maximum shearing stress is given by Eq. 2.16:

g,—ag; 5S0+0

| rmuxi = )

25 MPa

This stress acts on a plane that bisects the 90° angle between ¢, and ,.

{cy The Mohr's circle for the two-dimensional or plane stress condition defined by ¢, and
o, is constructed as shown in Fig. 13.2(a). As shown in the two-dimensional stress element
of Fig. 13.2(b), the plane of interest B-B is inclined to the plane of g, through a 30" angle
shown clockwise in the sketch, although a counterclockwise angle would serve the same
purpose. This plane is represented on the Mohr's circle by point B, whose coordinates
give the values of the normal and shearing stresses on this plane. Thus

il

50 + 25 50 — 25
gg =0C + R cos 60 = 5 +( 5 )cos60
= 37.50 + 6.25
=i 4375 MPa
t5 = R sin 60 -
= * 10.83 MPa
T
_ gy = 50MPa
"las =25 MPa
B
: ~
! ~L .
N~ o1 =25 MP3  axis of cylinder
o —-— N e — =
) ~
~ 30° -
l ~
~
~g
(b)

FIGURE 13.2

. Ch.13
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A cylinder can be
considered "thin-
walled" if its
thickness to
diameter ratio is
less than 0.1.

0, = hoop (tangential) stress
0, = longitudinal (axial} stress
Tp, = 20,

(8,~P) IL (PP r
tL t

F
m g = ==
hoa

when P, = psig; P, = 0 or

(20) 0, = ~—=—-— | HoOp Stress

(p,-p )nr? _(B-P)T
2nrt 2t

F
g = — =
A

When P; = psig; P, = 0

_ P r PD , _
(21) C,= —— = Longitudinal Streess
- 2t 4t :
Fcr a sphere ch=cl=-££
2t
Problem

A sphere contains air pressure of 15000 psig and measures 72"
0.D. and 69" ID. What is hoop and axial stress?

Pr

hopp stress = longitudinal stress = 7e

From {21} 0 =—"=———"""=17,520p51
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Using force and area method we get:

F=Pa = 1500[%912) = 1500(-—2{(69)2)

F=5,608334 16

s F _5,608,934 ; © 5,608,934 _ 5,608,934
I, I, I II 332.22

% Zpr-Zpr Eigpyel T gy

4 4 4 4

S§=16,883psi

Pr , ) .

*— is more conservative method.

Problem 2t

Fuel tank has internal pressure of 125 psig. Thickness is 1/8"
steel place. Find hoop and leongitudinal stress.

longitudinal

D=2"+ 1.5" = 3.5" = 42"

Hoop sress

P 125(43 .
From (20) o, =2f=20._123083) 5y hoppsi

Longitudinal Stress

F = force acting on area A,
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Obie‘ctive

This chapter gives examples for the calculation for thick-wall
cylinders.
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F=PA1=125ﬁ2)(1.5)+-§(1.571144

F = 85,808 1b

°1=£= 85,808 - B5,808
A 2LE +TIDE

9, 6,566 psy

THICK WALLED

General case to find stress at any

Tangential stress:

. . azbz(Po—Pl)
Pia®-p pise 2 "1!
-] r2

b2-52

Radial stress:

2y 2 -
a‘b (Po £

2 2_ ot
G‘r=>Pia ~P b=+ _h——bz-az

positive stress = tension
negative stress =

when using external pressure p,

2
a“p 2
GC= 2 1'\ 1*b1
b-a- r*

MECHANICS of MATERIALS

) (0.125) +II(18) {D0.125)

CYLINDERS

on"UHO“ID

e

= inside radius

outside radius

any radius between 3 and B
outside Pressure

inside Pressure

distance r.

Compression

= 0

e

B et Y e



*afith P, = 0O the max stress is at inner wall where r = 3

max stress with P, = 0
b2+ a2 2
(22) o =p| 213 | p| Lr(a/b)?
. b? - a? N 1-(a/p)?
o_.=-P,

when P; = 0 the stresses on the outer surface are:

2 2 - 2
(23) g, =-P b”+a or -P, -.1_"._(_3_/2)_.
1- (a/b)?

A longitudinal stress due to internal pressure acting
against end platis can be calculabed by:

Piaz )
(24) o, = t = thickness of wall.

L b+a)t

Strain

Both diametrical strain A D/D and circumferential strain A c/C
are equal in a circular cylinder under pressure loads.

ot-n (cr+crL)

(25) | AD/D=Ac/c= -

W = Poisson's Ratio
= modulus of elasticity

Problem

A steel cylinder of 1.5" ID and 3" OD is pressurized internally
to 12,000 psi. a) the cylinder has no end caps; what is the
change in the inside -diameter? b) what would be the effect of
adding end plates on the inside diameter?

E = 30 x 10, po= .3 A

MECHANICS of MATERIALS 38
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From (22)
a)
From (25)
Drom (24)
b)

' Gc=pi( 1+ (a/b)z}

1- (a/p)?

1+(.75/1.5)2 J

0,=12,000
1-4(.75/1.5)2

6.=20,000psi

G, =-P =-12,000psi

O'L=0

O': " ].1(0:+O'L)
E

AD/D=

AD/D = 20,000-.3(~12,000+0)
30x108

AD/D=,000786

AD=.00078¢1.5) =.00117%n

P, a2 i
o - i _ 12,000(.75) =4000 psi

Eo(bra)t (1.5+.75)(.75)

AD/D = 20,000-.3(-12,000+4000) .. 00746
30x10f

AD=.007441.5) =.00111%n

INTERFERENCE FITS (PRESS FITS)

Interference fits create contact pressure at the interface
allowing transmission of axial loads or torque between members.
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outer memoer

press/

interference

fit -
P = pressure -

(psi)

inner member

|
= total deformation or radial ihterference (in)

&
8, = 1increase in radius of hole of outer cylinder
8; = decrease in radius of inner cylinder

b
° E | o2-p2

[~]

P| c?+B?
5 =—-—(c—.+—+uo)

P = pressure (psi)

E modulus of outside material

E; = Poisson's Ratio outside material
B; = Polsson's Ratio inside material

Q

i
5 = total deformation / radial interference

) 2 2 2 2
5:5 —5_:—13_{:(c_i+po) +£€(_b._t_§__—pi]

o 4 -
Eo C2 _b2

5

p=:
2 _ 2 2 2

b/E .C__E_-;-}rlo +b/E. Li—ui
= C,Z_BZ 4 b2_a2

when E, = E; and u, = p, (same material)

B8 c?- b2 (b?-a?) ]

(27) pP=—2=
b 2b%(c? - a?)
Radial stress: &, = -P in each member at the contactin
surfaces :
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i Tangential or Hoop Stress:

Rl

®outer surface of the inner member

2 2
(28) GC:_E{b +a J
b2_a2
®NNER SURFACE OF THE OUTER MEMBER
2 2
(29) U:=P(C +b)
c2_b2

The axial load required to engage the respective parts or the
axial locad carrying capability is expressed by:

(30) F=2xblPF (lbs) |

length of interface

where: _ _
coefficient of friction at interface ]

I

1
f
Torgque transmitted: ' : !

(31) T =2 1o b, 1 P f (in-1bs)

—

Problem
A solid 6 inch diameter (OD) steel shaft is to have a press.fit_

in a steel flywheel with an ocutside dia of 18 in. The maximum
tangential stress in the flywheel must not exceed 17,000 psi.

E, = 30 x 10¢

Find: 1. Diametral interference required
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o ) 2. Force required to assemble parts 1if the
flywheel 1s-7 in. thick
3. Find torque the joint will transmit due to

the press fit pressure.

from equation. (29)

R2+r2
O't='
R2_r2

92 + 32
17,000=pP = P(1.25)
92 - 32

P = 13,600 psi

from equation (27) assuming 1 = 0 (solid shaft)
Pr| - 2R*r?

=" 28 -
E\ r2(rR*-r?%

5 13,600(3) 2(9)%2(3)2
30x10° 3)2((9)%-(313)

&=(1360)(2.25) 107§
& = 0.00306 in

Diametral interference = 2_6 = (.00612 in
Assembly force from (30)

P £

P £
) (13,600) (0.15)

SECRORC!
0

b
{
(

1

1
r) 1
3)
72 1

b
NN
oA Han

5
6 b

!

coefficient of friction is assumed to be 0.15

Torque from equation (31)

2nTR1pPf
21 (3)% (7) (13,600) (0.15)

T
T
T 807,517 in-1bs

(I
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Objective

This section gives you an example of a 2D vibration design. I hope
you all read through this example, since the concept is simple and

once 1t shows in the test, you will be able to solve the problem very
quick.
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SITUATION:

A 200C-1b reciprocating compressar running et 200 rpm transmits a vertical forse to its support equivalent

to a rotating unbalance of 40 in-lb. The o i i .
! -ing ! 10 in-lb. mpressor is mounted on a platform which is sunsorted b
:piings v;nh a combined spring constant of 1500 Ib5n.. There is-a clearance of 14 inches b:’zi-e:; Lh':
ottom of the platform and the flat roof of the builditg on which the compressor is mounted,
A vibration absorber consisting of a sprin i
bsorb n pring (K.} and a mass (M,) is to be hun d I
platform to minimize the vertical vibration of the platform. '  under the compressar
REQUIREMENT:
Specify a spring constant (K,) and the en i i indrical
he Jength (L) of a 6-inch diameter cylindrical steel rod s
be used for the vibration absorbar.. siael rod of mass M, o
S;r?ng
12" % -
{ ROOF
! -3 !
NQT TO SCALE
SOLUTION:

Forcing frequency = f = (200 rpm)(21/60) = 20.944 rad/sec.
Force generated = mr(f)? = (40/386)(20.944)2 = 45.5 Ib.
The .vibration absorber must have a natural frequency equal to f; and must produce a force of 45.5 b

Therefore for the vibration absorber: 455 b = KX and f, = 20.9¢4 rad/sec,
where: K| is the spring constant (a design f{actor),
X is the allowable displacement of the absorber, and

f is the patural frequency of the absorber.

Since the space for the absarber is limited to 14 inches, selecting a length of the cylinder (L) to be
approximately 6 inches, and a solid length of the spring to be 4 inches, leaves (14-6-4) = 4 inches for the
total vibration. That is, 4 inches2 or =2 inches for the amplitude vibration of the absorber (X). Using
a factar of safety of 2, 1 inch is selected as the amplitude of vibration of the absorber.

Since 455 1b = KX and X = 1 inch, K, = 45.5 Ibiinch

fo = KM Y% where M, ix the mase of the absorber.
Hence M, = KJ(f)? = (45.5/(20.944)% = 0.1037
and the weight of the vibration absarber is (386)(0.1037) = 40 Ib.

Since the weight is tha preduct of tha volume and the density of the steel rod,
40 b = yrls  where the density of steel (3) is 0.28 Ib'eubic inch and r = 3 inches.

Therefore L = 40/{97(0.28)] = 5.1 inches

NOTE: Depending on the selected ampiitude of vibration (X), the values of K, and L may change.

However the solution procedure would not change. The selected amplitude of vibration must be consistent
with the given constraints. :
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amplitude slowly decreases until, after a certain time, the motion comes to
a stop. But damping may be large enough to prevent any true vibration;
the system then slowly regains its original position (Sec. 19.8). A damped
forced vibration is maintained as long as the periodic force which produces
the vibration is applied. The amplitude of the vibration, however, is af-
fected by the magnitude of the damping forces (Sec. 19.9).

VIBRATIONS WITHOUT DAMPING

19.2. Free Vibrations of Particles, Simple Harmonic
Motion. Consider a body of mass m attached to a spring of constant k
(Fig. 19.1a). Since at the present time we are concerned only with the
motion of its mass center, we shall refer to this body as a particle. When
the particle is in static equilibrium, the forces acting on it are its weight W
and the force T exerted by the spring, of magnitude T = k§_,, where Gy
denotes the elongation of the spring. We have, therefore,

W= ks, | (19.1)

Suppose now that the particle is displaced through a distance x,, from its
equilibrium position and released with no initial velocity. If x_ has been
chosen smaller than 8> the particle will move back and forth through its
equilibrium position; a vibration of amplitude x,, has been generated. Note
that the vibration may also be produced by imparting a certain initial
velocity to the particle when it is in its equilibrium position x = 0 or, more
generally, by starting the particle from any given position x = xo with a
given initial velocity v,

To analyze the vibration, we shall consider the particle in a position P’
at some arbitrary time ¢ (Fig. 19.1b). Denoting by x the displacement OP
measured from the equilibrium position O (positive downward), we note
that the forces acting on the particle are its weight W and the force T
exerted by the spring which, in this position, has a magnitude T = k(8 +
x}. Recalling (19.1), we find that the magnitude of the resultant F of the
two forces {positive downward) is

F=W=ké, +x) = —kx (19.2)

Thus the resultant of the forces exerted on the particle is proportional to
the displacement OP measured from the equilibrium position. Recailing
the sign convention, we note that F is always directed toward the equilib-
rium position O, Substituting for F into the fundamental equation F = ma
and recalling that a is the second derivative ¥ of x with respect to ¢, we
write

mi +kx =0 (19.3)

Note that the same sign convention should be used for the acceleration 3
and for the displacement «, namely, positive downward.
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SAMPLE PROBLEM 19.2

A cvlinder of weight W and radius r is suspended from a looped cord as shown,
One end of the cord is attached directly to a rigid support, while the other end
is attached to a spring of constant k. Determine the period and frequency of
vibration of the cylinder.

Kinematics of Motion. We express the linear displacement and the accel-
eration of the cylinder in terms of the angular displacement 4. Choosing the
positive sense clockwise and measuring the displacements from the equilib-
rium position, we write

li

I=rf 6 = 2% = 28

&

a:éi =ra =rf 5:?‘51, (1)

Equations of Motion. The system of external forces acting on the cylin-
der consists of the weight W and of the forces T, and T, exerted by the cord.
We express that this system is equivalent to the system of effective forces
represented by the vector mT attached at G and the couple Ta.

+ISM, = S(M,),,. Wr — T,(2r) = m@r + la. (@)

When the cylinder is in its position of equilibrium, the tension in the cord is
T, = }W. We note that for an angular displacement 6§, the magnitude of T, is

CL=Ty + k6 =4W + k8 = §W + k(2r6) (3)
Substituting from (1) and (3} into (2), and recalling that = 4ir3, we write
Wr — 3W + 2kr6)(2r) = m{rf)r + imr2f
d+ -583—;1"'—9 =0

The motion is seen to be simple harmonic, and we have

. 8k _ [FE
PP=3m P=V3m
'r-—?:: _ o /3 m -
) TEEVETR
_p 1 5
f=s5 f=s/5m =
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Objective

This concise description of Mohr’s circle will help you understand
its principle and applications. Please read through this section if
you are still confusing, since the exam always has some sort of

these questions.
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As shown above, shallow ribs cause an increase in the bending stress.
The deflection, however, has been decreased. If the ribs were made some-
what larger, the stress would be decreased, and the beam would be stronger.* -

Ribbed structures are frequently made of a brittle material, such as cast
iron, which is weak in tension. If possible, the ribs should be in compression,
When a cast-iron body with parallel ribs is bent and the ribs are in tension,
care must be exercised to make certain that all ribs are of the same height,
or they may fail progressively beginning with the highest, and the full
strength of the body could not be realized.

15. Shearing Stress

Suppose an element is loaded by shearing stresses acting tangentially to its
sides as shown in perspective in Fig. 1-19(a) or in plan in Fig. 1-19(b) and
(c). Such loading causes no change in the Jength of the sides of the element,
but merely produces a distortion or change in the value of the 90° angles
in the corners.

o a 7]

x X

et .

Yy Ed_ - 13

Y [,T //{l / l
i |
_L 7 4 pma——
z ax y
(2] Element loaded in shesr {8} Positive shear (c) Negative shear

FIGURE 1-19 Element loaded by shearing or tangential stress.

Shearing stresses are usually denoted by double subscripts. The first
subscript indicates the direction of the normal to the plane under considera-
tion, and the second subscript indicates the direction of the stress. Hence
stress T, lies in a plane whose normal is in the x-direction, while the stress
acts in the y-direction. For similar reasons t,, indicates that the stress is in
2 plane perpendicular to the y-axis, and is parallel to the x-axis. Since the
element is in equilibrium, the moments of the forces about a point, say 4,

“See Marin, J., “Stiffiness of Ribbed Plates,” Machine Design, 19, May 1947, p. 145;
";;d Radich, E. A., “Strength and Stiffness of Ribbed Plates,” Machine Design, 21, Sept.
49, p. 149,
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46 Ch. I Fundamental Principles

19. Stresses in Any Given Direction

The stresses in 2 body, as found by the equations of this chapter, have
definite directions. It is sometimes necessary to have the stresses at directions
other than those given by the equations.

Figure [-30(a) shows an element of a plate with the vertical surfaces
subjected to the general two-dimensional state of stress. The element has
been cut from a larger plate so that stresses o, 7, and 7, represent the effect
of the surrounding material on the element. A plan view of the element is
shown in Fig. [-30(b). Suppose stresses o, g, and 7, are known, and that
it is necessary to find the values of the stresses on an inclined surface whose
normal makes an angle g with the x-axis as shown in Fig. 1-30{c). Angle @ is
an arbitrarily chosen angle and determines the directions of the u- and v-axes.

Assume that stress o, must be applied to the cut surface in order to
maintain equilibrium of the remaining portion of the plate. Resultant stress
g, can be resolved into the componenis of normal stress o, and shear stress
T, as shown.

X
bt
D | Lo Oy
X L
A
! oo
ealfprerd
—
d 1%’ 1 l ”
(2} Two—dimensrbna/ stress { b)_ Plan view of element

shown in (3)

Q x

Y

(c} Companents of stress in
directions v and v

FIGURE 1-30 Shear and normal stress on element at any angie ¢.
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Sec. 20 The Mokhr Cirele

If the area of the inclined surface is 4, then the area of the horizontal
side of the body will be 4 sin ¢, and the area of the vertical side, 4 cos ¢.
Since the plate of Fig. [-30(c) is in equilibrium, the projections of the forces
on the perpendicular to the inclined surface must be in equilibrium. Multj-

plication of stress by area and then by the appropriate trigonometric function
gives the following equation for g,

7, =27, 5in @ cos ¢ + g, cos? ¢+ o,sin? p

The trigonometric terms should be changed by the substitution of the equa-
tions involving the double angles. Then,

_o.to

g, > + Ix ; 9% cos 2¢ + T, sin 2¢p (37)

If the element in Fig. 1-30 is cut at 90° to the direction in sketch (c),
summation of the forces will give the equation for the normal stress in the
v direction. '

O’u:ax_;al__ax;U’coszwu‘rx}.Sinzqﬂ (38)

Thus the normal stresses in the material at any desired angle ¢ can be
found by use of the above equations. Should the equation give a negative
result, the corresponding stress is compressive.

[n a similar manner, 7,, can be found by making the sum of the projec-
tions of all forces parallel to the cut surface equal to zero. Hence,

Tuy = T,(cos? ¢ — sin’p) — (o, — 0,)sin @ cos g

or T = T,,C0S 2p — g-‘-;—alsin 29 39

The shear stress 7, at any desired angle ¢ can thus be found by Eq. (39).
A positive result for t,, means that the stress is directed as in Fig. I'30(C)_,
and a negative result means that the stress is directed oppositely.

Angle ¢ is positive when taken clockwise from the x-axis.

"20. The Mohr Circle

A graphical solution to the combined stress problem, known as the Mohr
arrcle, will now be given. Use of this method rather than the previously
derived equations usuaily effects a considerable saving in time. However,
certain conventions regarding signs and directions must be understood and
carefully followed.

Figure [-31 shows the perpendicular axes ¢ and 7. Normal stresses,
regardiess of the inclination of the surface on which they act, are plotted
horizontally—positive, or tension, to the right of the origin, and negative,
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Shear, ¢

Ch, | Fundamentat Principles

é cos r'23—2q6}=a {cos 28 cos 2¢h+ sin 26 sin 2¢)
O}—O} T, .
=a/ EFRa 2¢ + -:‘i sin 295]

Tk~ 0)

2

Tz
2

=8 /7sin 28 ¢cos 2

= Ty cos 2@ ~

=4 s/n (29—24’:}
~ €05 2§ sin 2¢7

Y O}‘O-y .
sin 2({3/

- /Tz
Saf—= casZgb—_Eﬁ
r .
" 5/;1295

oy -3,

2

Normal stress

(&}

cos 2¢ + 1., sin 2

X

8

9

(2} Given state
of stress

fc) Stresses on element
oriented ot angle 9{)

(d) Principal stresses

(e} Maximum shear
stress

FIGURE 1-31

Mohr circle for two-

dimensional stress.

OT compression, to the left. Shear stresses are plotted vertically upward or
downward on the diagram. The normal and shear stresses at a point in the
body thus become the coordinates of a point on the circle.

Stresses ¢ and T,y ACting on the right and left edges of the plate in Fig.
1-30(b) locate point 4 in Fig. 1-3]. Tension o, is plotted to the right in
accordance with the above-mentioned rule. Since shear stress 1., tends to
rotate the element in a clockwise direction, it is plotted upward. Stresses o,
and 7., of the upper and lower edges of the plate shown in Fig. 1-30(b) 1ocate
point B in Fig. 1-31. Tension o, is plotted to the right. Since shear stress Toy
on these surfaces tends to produce counterclockwise rotation, it is plotted

S




are marked X-8x1s angd Y-axis, respective!y.

To find the Stresses on an element oriented at angle g, ag shown in Fig.
1-31(c), the angle 2¢ s laid off from C4 in the same direction as angle g g
turned in the body. Diameter DE is thys located.

The horizonta) Projection of CD has the value shown n the figure. When
this is added 1o OC, the result is the value of . 5 given by Eq. 37). The

vertical Projection of pp has the va)ye shown on the figure, This js equal to

for the principal stresses js oriented at angle 4 to the X-axis as shown in F:’ig.
1-31(d). As shown by the circle, the value of § can be found by the foliowmg

a,'=a";—a’+\/(a’;a

) )




30 Ch. [ Fundumenial Principles .

isinclined at @, 1o the x-axis. As shown by the circle, the value of 8, can be
found by the following equation.

.{an 29[ - __0'12;' ay

, for maximum shear stress (43)
xy

The value of the maximum shearing stress is

— 2
Tmec = of (S5 2) 4 1, (44)

The circle of Fig. {-3] indicates that at points of maximum shear, such

as at /{, normal stresses a,. and @y @re present whose value is given by the
equation

oz oy = Lo (45)

When shear stress 1 is equal to zero, the radius of the circle, or the maxi-
mum shearing stress is equal to

T = o, —ap) (46)

Exampleqli Let the state z)fstrESS at some point in a body be defined as follows,
g, = 20,000 psi, a, = -4,000 psi, T,y = 5,000 psi

(a) Draw the view of the element for the given state of stress and mark values
thereon. .

(b} Draw the Mohr circle for the given state of stress and mark completely.

{c) Draw the element oriented 30° clockwise from the x-axis and show values of
all stresses,

{d) Draw the element correctly oriented for principal stresses and show values.

(e) Draw the element for maxirnum shear stress and mark values of all stresses,

Solution. (a), (b). The given state of stress and the Mohr circle are shown in
Fig. 1-32(a) and (b}, respectively.

(c) Diameter ECD should be drawn at 60° clockwise to the x-axis of the circle,
and stresses ¢, and @, scaled and placed on the element of Fig. 1-32(c). Since point
D lies below the a-axis, shear stress 1., crosses the w-axis of Fig. 1-32(c) in the
direction that causes a counterclockwise moment on the element. Likewise, since £
lies above the o-axis, stress Tus Crosses the v-axis in sketch (c) in the direction that
causes a clockwise moment on the element,

(d} Principal stresses 0, and o,, together with their angle of inclination, are
scaled directly from the circle, and are shown acting on an element praperly oriented
in Fig. 1-32(d).

(e) The maximum shear stress Tmaex A0d the corresponding normal siress a,.are
shown on the element of Fig. 1-32(e). The arrows are directed in accordance with

- the previously explained rules,
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i) Stresses at JO°with x-axis

Sec. 20 The Mohr Circle

{O’;' = 8,000 psr

Tmar = /.3,000 §i
.- l @) = 20,000 psi N g
) ’ /—
_f;._ Ty = 5,000psi )
oy = ~4,000psi Sl =-235000 _
. ¥y I 1,,=7,880psi| T« =E20,000psi }
{a) Given state of stress : L T2y = 2,000psi
| "*/3, : . a;is : |
: i 67°23"' * !
;== 5,000psi ! 22°37" !
! i C o7 =24,000ps
I - 2p=60° ;
: . & |
Tuv=7,890p$l. 8 {0" - "‘4,000P$I ""‘/_&, !
Ty |= 5,000 psi !
x 0
30° : {8} Mohr circle for
T,=/8,330 psi given stresses
,Pr==2330psi ¢ {cr,, = 18,33
' Tpe= 7,89C

Tmar = /13,000 psi

A .= .
o2=-5000psi 7= 86,0005 FOO0P

(d} Principal stressas ~ (e) Maximum shearing stress

FIGURE 1-32 Solution of Example 15 by Mohr circle.

The advantages of the graphical method for solving combined stress
problems should now be apparent, Not only is the method more rapid, but
the state of stress for any direction can be scaled directly from the circle.
When the equations are used for solving a problem, a separate computation
must be made for each desired direction. The Mobhr circle also aids in forming
a .nental picture of the state of stress in the body. In working problems, "
care must be exercised that all necessary information is placed on the drawing
for the circle as well as on the views of the various elements.

The reader should check all values shown in Fig. 1-32(c), (d), and (e)
by using the appropriate equations. Note that for ¢ = 30°, Eq. (39) gives
a negative result for 1,,. This result checks with the circle and indicates that
the shear stress for this direction is acting oppositely to that shown in Fig.
1-30(c).
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12, Ductile Materials with Combined Steady
and Alternating Stress. Modified Goodman Diagram

In many strength problems, the major components of stress are static, with
less accurately known alternating stresses superposed. Most failures originate
with stresses of this type. The problem presents great difficulties because of
the fundamentally different mechanisms of faiture in the two sources of
stress.

Suppose the tensile load P on the bar of Fig. 2-25(a) is continuously
varying in magnitude. This load can be considered as being made up of two
parts, the steady or average load P,,, and the variable or range load P,. The
maximum load is equal to the average load ptus the range load; the mini-
mum load is equal to the average minus the range load. Normal stresses a,,
and o, are found by dividing loads P,, and P, by the cross-sectional area 4.
When the average stress is high, the material wilt safely carry only a small
additional range component. However, if the average stress is small, 2 larger
range compeonent can be permitted.

To take care of the unlimited number of combinations of range and
average stress, the line of failure of the material must be used. Specimens are
tested with fluctuating loads that are low enough to permit continuous opera-
tion but high enough so that any increase in either the average or range
load will eventually cause failure.

The results are plotted, g, horizontaily and o, vertically, for each speci-
nen tested. A sufficient number of test points gives the curve of failure for

he material. It is 2 broad sweeping curve running from 4 to B in Fig. 2-25.
Zor a static stress, failure occurs at the ultimate or point B in the figure. For
L completely} reversing stress (zero average), failure occurs at the endurance
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Sec. 12 Ductile Materials with Combinéd Steady and Alternating Stress

Ko,

A .
ma,t&

jAEQerim_ih_q_ri to

line of failire

FIGURE 2-25 Working stress diagram for fluctuating load,

equally safe if fatigue failyre Is not to oceur. Ag mentioned previously, a
stress concentration factor K. if present, will be applied only to the range
component. Since a factor of safety is employed both components ¢,, and
Ko, must be multiplied by F, to cause the resulting stress to fall on ACD,
the assumed line of failure,

Thus the average and range components locating a point such as £ are
considered as being equivalent to the static stress OR or .- AN equation
for the equivalent static Stress o is easily derived. By similar triangles in
Fig, 2-25:

%2% or FB=g§xEF=gUL"'F,K’a,
Equivalent static stress: g — OF + FBR

o-ulr = F,O',", + FlKga,i'_'o’r

C=F=o.+ K oo, (1)
g Ko 1
av —r _ 0 ll
or Uull + O', Fs ( a)

57




'.an.{f

118 Ch. 2 Working Stresses

Example 7. A part with a machined surface has continuously varying tension
loads P, = 45,0001b and P,,;, = 15,000 Ib. Material tests &,, = 90,000 psi, and
a,, = 70,000 psi. A stress concentration factor of 1.42 is present. Area of the part
is 2.5 in.? Find the factor of safety.

30,000

. 4
Solution. P, = M =30,0001, 0 = %% = 12,000 psi
p, _ 45,000 = 15000 _ 500t o 152,0500 6,000 psi

By Fig. 2-11: o, = 34,000 psi

A rough sketch indicates that the working stress point E will lie on the upper
limb of the curve in Fig. 2-25. :

_ 12,000 | 142 x 6,000 1

By Eq. (1la): . 50000 T 33,000 " °F,
_ i

0.1333 + 02506 — -
K F, =260

Example 74. A part with a machined surface has continuously varying tensile
loads P,.. = 200,000 N and P,;, = 68,000 N. Material tests o, = 600 MPa.
A stress concentration factor of 1.42 is present. Area of the part is 1,600 mm?2. Find
the factor of safety for the part

Solution.
p,, = 200.000 + 68,000 _ a4 000N g, = 124090 _ 8375 MPa
2 1,600
200,000 — 68,000 _ _ 66,000 _ .
P, = 3 = 66,000 N o, = T600 = 41.25 MPa

g = 145 % 600 = 87,000 psi
By Fig. 2-11: o, = 34,000 psi = 234 MPa

83.75 1.42 x 41.25 1
By Eq. (i1a): 500 + 334 :E

0.1396 + 0.2503 = %

E)

F, =256

When the average stress is greater the loading point may lie on the lower
limb- of the curve as at H in Fig. 2-25. Here, the equivalent static tension
o is equal to 0D or 0,,. Then

Fx(aav -I_ Kgr) = GJ'P (12)
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Sec. 13 Sensitivity to Stress Concentration

Example §. Same data as for Example 7 except P,,, = 55,400 1b and P,,,,
44,600 Ib. Find the F,,

Solution, A sketch will indicate that the loading point will lie on the lower limb
of the curve in Fig. 2-25.

P, = w =50,0001b o, = 9%@ = 20,000 psi
P = w =540016 o, =229 _ 3 160 psi
73
By Eq. (12): F,(20,000 -+ 1.42 x 2,160) = 70,000
70,000 _
¢ = o6 — 03

13. Sensitivity to Stress Concentration

The-actual reduction in fatigue strength, as indicated by the foregoing theo-
retical stress concentration factors, is approached only by large parts made
of fine-grained heat-treated steel. The effect of stress concentration in coarse-
grained annealed steels may be considerably less. Small specimens are affected
less by stress concentration than larger parts made of the same material,
The size effect in steel is attributed mainly to the grain size of the material.
When the crystal size is taken into account, it is seen that there is not com-
plete geometric similarity between large and small specimens of the same
material. Although a heat-treated part of expensive alloy steel may have a
higher endurance limit than one made of a softer nonheat-treated materral,
the advantage may be largely lost in the presence of a stress concentration,

A wide variation exists in the norch sensitivity of different materials.
For some quenched and tempered steels the effect of a sharp notch may be so
great that a high-strength material may be no better in fatigue than one of
tower strength. Materials that work harden rapidly, such as the 18-8 stainless
steels, may show great resistance to loss of fatigue strength due to notches.
Notches have but little effect on the fatigue strength of cast iron, but may
have a large effect as far as impact loads are concerned. However, the impact
strength of some steels is but little affected by notches.

Methods are available for making a quantitative estimate of the sensi-
tivity of a steel to stress concentration,® but the methods are beyond the
scope of this book. However, when the full theoretical stress concentration
factor is applied to the fluctuating component, the resuit will usually be on
the safe side.

8See Peterson, R. E., “Relation between Life Testing and Conventional Tests of Mate-
rials,” ASTM Buil., 133, Mar. 9, 1945. See also p. 8 of Reference 9, Chapter 4 of Reference
%, and Chapter 13 of Reference 11, end of chapter.

59




-
WMEL. U L G oo, -
//
GrounV '
A . ]
/ T Machined
/‘//
/// Hot rolied___|
/
4/ ]
— As forged
80 100 120 140 160 180 200 220

Tensile strength, [,OOO psi ( Qus-

FIGURE 2-11 Relation between endurance limit and tensile strength
for unnotched specimens in reversed bending.

gwe the most consistent results with respect to fatigue strength. For steel
I extings and cast iron, the endurance limit is about 40 per cent of the ultimate
% meagth. Apparently no relationship exists between the endurance limit and
B e yicld point, impact strength, or ductility. Experiments have shown that
B @ endurance limit for reversed torsion is about 0,56 of that for reversed
Igading
§¥% Fatigue cracks can start not only at easily recognized changes of form
l!ﬂaho at frequently overlooked stress raisers, such as file and tool marks,
b/ ecidental and grinding scratches, quenching cracks, or part_number and
B fmpection stamps; which produce a high value for the stress and serve as the

0

B} mating point for the progressive failure. The attention of the designer must

BY Wwrefore be focused on such “sore spots” whenever they are located in a

B

‘mgion of high tension stress.
“ Since fatigue cracks are due to tensile stress, a residual stress of tension

am the surface of the part constitutes an additional fatigue hazard. Such a
" fomsile stress, for example, may arise from a cold-working operation on the
ELi: part without stress relieving. Parts that are finished by grinding frequently
‘lwlt an extremely thin surface layer, which is highly stressed in tension.
%! Sk residual stresses, combined with the tensile stress from the loading,
| mary give a resultant stress sufficiently great to cause a fatigue crack to start.
:;" »ee Fig. 7, p. 7, of Reference 9, end of chapter.
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Objective

This chapter gives you an example for a static welding design,

including how to determine the max. shearing stress and factor of
safety.
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4. Eccentrically Loaded Welds—Static Loads

When the load on a welded Joint is applied eccentrically, the effect of the

torque or moment must be taken into account as well ‘as the direct load,

B - -The state of stress in such a joint is complicated, and it is necessary to make
simplifying assumptions. o -

When a joint consists of a number of welds, it is customary to assume

that the moment stress at any point is proportional to the distance from the

. ! r

r
c.g. of alt welds
of jor'nts\

ioad on jomnt

FIGURE 7-4 Stress on element of eccentrically loaded welded joint.

f emter of gravity of the group of welds. Let the weld shown in Fig. 7-4 be
b ee of a group forming a joint with the center of gravity of all the weld areas
28 0. The moment stress t acts perpendicularly to radius r on element 44
Eof the weld. The external moment or torque T is equal to the moment from
j wress 7 integrated over all the welds of the joint.

T——jr'rdAz —Trsz———-—TJrszrt—-J
’r r r
P i

E =7 - 3
¥ Ratio 7/r is a constant since the stress is assumed to vary directly with r.
g The integral | +2 44 in Eq. (3) has been replaced by J/, the polar moment of
_ilmia about O for the group of welds. For the maximum torsional stress;
e value of r to the point furthest removed from the center of gravity O must
B b used. The stress from the direct load must be added vectorially to the
 moent stress in order to obtain the resultant stress. For static loads, it is
'jlsual practice to assume that the direct stress in a weld is uniformiy distrib-
Ssied throughout its area.

$ The parallel axis equation can be used for finding the value for J for
k2 weld about an axis through O perpendicular to the piane of the weld. For
£ ®e weld in Fig. 7-4 this equation would be written

J = J+ Ar} )

area A in this equation refers to the throat area of the weld. The fact
£ B the throat for a fillet weld is inclined at 45° to the plane of the joint
¥ s no effect on the value of /. Radius r; extends from the center O, of the
weld 10 the center of gravity O for the group. Symbol J, represents the
moment of inertia of the single-weld area about its own center O,. This
k- waduc can be found from the following equation.

AR 5
[ 'ﬁ ( )
where A is again the throat area and / is the length of the weld.

When Eq. (5) is substituted into Eq. (4), the result is
— i 5 z) . . 6
J=4 (Ti + ry ( )
B The value of J for each weld about O should be computed by Eq. (6);
W resuits are added to obtain the moment of inertia of the entire joint.

Enemple 2. An eccentrically loaded bracket is welded to its support as shown in
. 1-5. 1f the load is steady, find the value of the maximum stress in the weld.
d the factor of safety if the yield strength of the weld metal is 50,000 psi.

Pda ]
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Welded gny Riveteq Connections

Al welds ;’- fillets

FIGURE 7.5 Example 2,

Solution. Consider the bracket as the free body. By Symmetry the center of
gravity of the welds in the x-direction js halfway between the vertical welds, The

center of Eravity in the vertical direction is found by taking moments about the top
weld, 5

22/ =2x8x4
¥ =2909n. from top
Width of throat: b=0.7074 = 0.707 x +=01768 in.
For vertical weld: 4 = g.q77 X8 =1414in2"

o= /10912 37 A~ 107907 = 3.192in,

By Eq. (6): J = 1.4142(% 5- 3.:921) = 21.953 in.+
For top ‘weld - A=01768 x ¢ = 1,061 in.2
2
By Eq. (6): J = 1.06] (16‘2 ¥ 2.9092) = 12.159 in.¢
Total J-: J=2x21953 4 12.159 = 56,065 in_+
Total area: A =2 % 1414 4 1,061 = 3.889in.2
) . ~7.500 .
Direct stress: T = KR 1,930 psi
The maximum stress-will oecyr at A,
Radius 0 4: - T =/509TT 13T < 5,909 in.
; . =T 7500 x9 % 3.909 .
Torsional siress: T = = W'G_S*“ = 7,110 psi
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Sec. 4 Eccenrrically Loaded Welds—Sraric Lo

This stress is directed perpendicular to the radius from the center of gr

It is now resolved into the components shown. The total vertical ‘cor
3,610 -+ 1,930 or 5,540 psi.
Resultant stress: T = /55407 } 6,130% = 8,260 psi

. _0.5a,, 25000
By Eq. (2): F, = T TR0 3.03

The foregoing method assumes that failure would take place by
the weld throats. This is correct only when the weld pattern is a c
about the center of gravity. The results for a pattern like Fig. 7-5 w
approximate.

Example 3. Find the value of static force P in Fig. 7-6 if clectrode Eét
at a factor of safety equal to 2.
.{a) All welds are }-in. fillets.

(b) Welds on the left side are | in. and on the right side are $in

i
T =11 33”4-— 717"
le— &5 - L
L a |
OO,
" e of L firlet
7 fitiet welds z file
both sides —E}' both sides

/2
FIGURE 7-6 Example 3.

Solution. (a) B'y Table 7-3, for rod E6010, 0,, = 50,000 psi.

Throat area of all welds:

A=4x§x6x0707 = 4242 in?

Then: P=1d = 25'300 x 4.242 = 53,020 Ib
(b) Left, throat area: A=2x}x6x077 =2121int
’ (both welds
Right, throat area: A=2x4{xX6x0707=4242in2
(both welds
Total area: A = 6.363in.?
Take moments at left end: §=2021 X3 +4242 X 15,5
. 6.363
=133 in.
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345 Ch. 7 Welded and Riveted Connections

For left welds: Eq. (6): J =2.121 (% + 8.337-)”-(—_ 153,650
For right welds: Eq. (6): J = 4.242(?—; -I- 44172) = 86.37 in.*

Totai: J = 153.65 1 86.37 = 240.02 in.4

Direct stress: T=F_ 0.i572P

6.363
Moment arm of the load is 11,33 -9.250r 2.08in.

= )

' , _Tr_P208 x 1133
Moment stress at 4: T = T~ T = 0.0984 p
Total stress at 4: T = 0.1572P + 0.0984P = 0.2556P
By Eq. (2): 0.2556P = 35—-;@ or P = 48.900 b

It should be noted that, altheugh the welds of part (b) are larger, because of
the eccentricity, the carrying capacily of the joint has been actually reduced. It is
generally advantageous to maintain symmelry in the design of a welded joint.

Example 34. 1n Fig. 7-6, let the successive dimensions across the top be 150 mm,
82 mm, 82 mm, and |50 mm. The welds on the left are 6 mm and on the right are
12 mm. Find the vaiue of the static load P if electrode E6010 is used at a factor of
safety of 2.

Solution. By Table 7-3, for rod E6010, o,, = 50,000 psi = 34.5 MPa.
Left, throatarea: = 4 =2'w 6 x 150 % 0.707 = 1,273 mm? both welds
Right, throat area: 4 =2 x 12 % 150 x 0.707 = 2,546 mm? both welds

Total area, A = 3,819 mm2

Moments at left: 7= 12713 x 753‘;':;’546 x 389 _ 284.3 mm from left

Distance, ¢.g. to center: left == 284.3 ~ 75 = 209.3 mm

right = 464 — (284.3 4-75) = 104.7 mm

By Eq. (6), left welds:  J = 1,273(%1 + 209.32) = 58,152,000 mm?

2
right welds: J = 2,546(%’— + :04.72) = 32,683,000 mm*
Total: J = 58,152,500 4- 32,683,000 = 90,835,000 mm
. P
Direct stress: T = m = 0.000 261 8P
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Stress Concentration in Welds 349

Moment arm of load — 284.3 — (150 - 82) = 523 mm

Torsion stress at A4: T = g = %%383'0—52%5 ~=0.000 163 7P
Total stress at A4: T == (0.000 261 8 -+ 0.000 [63 e

= 0.000 425 5P
By Eq. (2): 0.000 425 5P = 222-—5 or P =202,700 N

The method explained in this section cannot be considered an exact
analysis of weld stresses, but should be locked upon simply as a reasonable
effort to take into account the fact that capacity of a joint to resist moment
loads is increased by locating the welds further from the center. The theory
also assumes that the weld stresses are within the elastic limit of the weld

material, and that any effects from_ the deflection of the welded parts can be
neglected.
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